The portfolio optimization model has limited impact in practice due to estimation issues when applied with real data. To address this, we adapt two machine learning methods, regularization and cross-validation, for portfolio optimization. First, we introduce performance-based regularization (PBR), where the idea is to constrain the sample variances of the estimated portfolio risk and return, which steers the solution towards one associated with less estimation error in the performance. We consider PBR for both mean-variance and mean-CVaR problems. For the mean-variance problem, PBR introduces a quartic polynomial constraint, for which we make two convex approximations: one based on rank-1 approximation and another based on a convex quadratic approximation. The rank-1 approximation PBR adds a bias to the optimal allocation, and the convex quadratic approximation PBR shrinks the sample covariance matrix. For the mean-CVaR problem, the PBR model is a combinatorial optimization problem, but we prove its convex relaxation, a QCQP, is essentially tight. We show that the PBR models can be cast as robust optimization problems with novel uncertainty sets and establish asymptotic optimality of both Sample Average Approximation (SAA) and PBR solutions and the corresponding efficient frontiers. To calibrate the right hand sides of the PBR constraints, we develop new, performance-based k-fold cross-validation algorithms. Using these algorithms, we carry out an extensive empirical investigation of PBR against SAA, as well as L1 and L2 regularizations and the equally-weighted portfolio. We find that PBR dominates all other benchmarks for two out of three of Fama-French data sets.
Introduction
Regularization is a technique that is commonly used to control the stability of a wide range of problems. Its origins trace back to the 1960s, when it was introduced to deal with ill-posed linear operator problems. A linear operator problem is one of finding x ∈ X that satisfies Ax = b, where A is a linear operator from a normed space X to a normed space Y , and b ∈ Y is a predetermined constant. The linear operator problem is ill-posed if small deviations in b, perhaps due to noise, result in large deviations in the corresponding solution. Specifically, if b changes to b δ , ||b δ − b|| < δ, then finding x that minimizes the functional R(x) = ||Ax − b δ || 2 does not guarantee a good approximation to the desired solution even if δ tends to zero. Tikhonov (1963) , Ivanov (1962) and Phillips (1962) discovered that if instead of minimizing R(x), the most obvious choice, one minimizes the regularized functional
where P (x) is some functional and γ(δ) is an appropriately chosen constant, then one obtains a sequence of solutions that does converge to the desired one as δ tends to zero. Regularization theory thus shows that whereas the self-evident method of minimizing R(x) does not work, the non-self-evident method of minimizing R * (x) does.
Regularization has particularly been made known in recent years through its adoption in classification, regression and density estimation problems. The reader may be most familiar with its recent popularity in the high-dimensional regression literature [see, for example, Candes and Tao (2007) and Belloni and Chernozhukov (2013) ]: min β∈R p ||y − Xβ|| 2 + λP (β),
where P (β) = ||β|| 1 , y = [y 1 , . . . , y n ] ∈ R n is the data on the observable, X = [X 1 , . . . , X n ] ∈ R n×p is the vector of covariates, β ∈ R p is the regression coefficient that best fits the linear model y = Xβ, and λ > 0 is a parameter that controls the sparsity of the solution. The regression model (1) with P (β) = ||β|| 1 is known as the Lasso model, used in high-dimensional applications where sparsity of the solution β is desirable for interpretability and recovery purposes when p is large. Another common model is the Tikhonov regularization function P (β) = ||β|| 2 , which deals with issues that arise when the data matrix X is ill-conditioned or singular.
In this paper, we consider regularizing the data-driven portfolio optimization problem, not for sparsity or numerical stability as in Lasso or ridge regression, but for the purpose of improving the out-of-sample performance of the solution. The portfolio optimization model we consider is: where w ∈ R p is the investor's holding on p different assets, X ∈ R p denotes the relative return on the p assets, µ = EX is the mean return vector and Risk : R → R is some measure of risk. The investor's wealth is normalized to 1, so w 1 p = 1, where 1 p denotes p×1 vector of ones, and w µ = R is the target return constraint, which we may or may not consider 1 , hence denoted in parentheses.
Note that shortselling, i.e., having w < 0, is allowed in this model. Setting Risk(w X) = w Σw we recover the classical model of Markowitz (1952) and setting Risk(w X) = CV aR(−w X; β),
where β ∈ (0.5, 1) and
CV aR(−w X; β) := min
we recover the Conditional Value-at-Risk 2 (CVaR) formulation of Rockafellar and Uryasev (2000) .
In practice, one does not know the true distribution of X, but has access to past data: X = [X 1 , . . . , X n ]. Assuming that these are iid, the standard data-driven approach to solving (PO) is to solve:ŵ n = argmin w∈R p Risk n (w X) s.t. w 1 p = 1 (w μ n = R),
where Risk n (w X) is the sample average estimate of the Risk function andμ n = n −1 n i=1 X i is the sample average return vector. This approach is befittingly known as the Sample Average Approximation (SAA) method in the stochastic programming literature [see Shapiro et al. (2009) for a general overview].
As is the case with ill-posed linear operator problems (which includes regression problems), the solution to the SAA approach can be highly unstable. For the portfolio optimization problem, the fact that the SAA allocation is highly unreliable is well-documented [see Frankfurter et al. (1971) , Savarino (1986, 1988b) , Michaud (1989) , Best and Grauer (1991) , Chopra and Ziemba (1993) , Broadie (1993) for the Markowitz problem and Lim et al. (2011) for the mean-CVaR problem], and has limited the wide-spread adoption of the model in practice, despite the conferral of a Nobel Prize to Markowitz in 1990 for his seminal work.
In this paper, we propose performance-based regularization (PBR) to improve upon the performance of the SAA approach to the data-driven portfolio allocation problem (SAA). The idea is to constrain the sample variances of estimated quantities in a problem; for portfolio optimization they are the estimated portfolio risk Risk n (w X) and the estimated portfolio mean w μ n .
The goal of PBR is to steer the solution towards one that is associated with less estimation error 1 There is empirical evidence that ignoring the mean return constraint yields better solutions [see Jorion (1985) ].
2 also known as expected shortfall [Acerbi and Tasche (2002) ] Ban, El Karoui & Lim: Machine Learning & Portfolio Optimization 4 Article submitted to Management Science; manuscript no. MS-13-01062.R2 in the performance. The overall effect is to reduce the chance that a solution is chosen by misleadingly high in-sample performance. Performance-based regularization is thus philosophically different from Tikhonov regularization (whose purpose is stability of the solution) and Lasso regularization (whose purpose is sparsity) but is natural to the portfolio optimization problem where the ultimate goal is the out-of-sample performance of the decision made.
We make four major contributions in this paper. Firstly, we propose and analyze new portfolio optimization models by introducing performance-based regularization to the mean-variance and mean-CVaR problems. This is an important conceptual development that extends the current literature on portfolio optimization. For the mean-variance problem, the PBR model involves a quartic polynomial constraint. Determining whether such a model is convex or not is an NP-hard problem, so we consider two convex approximations, one based on a rank-1 approximation and one based on the best convex quadratic approximation. We then investigate the two approximation models and analytically characterize the effect of PBR on the solution. In the rank-1 approximation model, PBR adds a bias to the optimal allocation directly, whereas in the quadratic approximation case, PBR is equivalent to shrinking the sample covariance matrix. For the mean-CVaR problem, the PBR model is a combinatorial optimization problem, but we prove its convex relaxation, a quadratically constrained quadratic program (QCQP), is tight, hence can be efficiently solved.
Secondly, we show that the PBR portfolio models can be cast as robust optimization problems, introducing uncertainty sets that are new to the literature. The PBR constraint on the mean return uncertainty is equivalent to the a constraint where the portfolio return is required to be robust to all possible values of the mean vector falling within an ellipsoid, centred about the true mean. This is a well-known result in robust optimization [see Ben-Tal et al. (2009) ]. However, the robust counterparts of the PBR constraint on the risk have structures that have not been considered before.
The robust counterparts are somewhat related to constraining estimation error in the portfolio risk, however the robust models do not enjoy the same intuitive interpretation of the original PBR formulations. We thus not only link PBR with novel robust models, but also justify the original PBR formulation in its own right, as it is motivated by the intuitive idea of cutting off solutions associated with high in-sample estimation errors, whereas the equivalent robust constraint does not necessarily enjoy intuitive interpretation.
Thirdly, we prove that the SAA and PBR solutions are asymptotically optimal under the very mild assumption that the true solutions be well-separated (i.e., identifiable). This is an important and necessary result because data-driven decisions that are not asymptotically optimal as the number of stationary observations increases is nonsensical. We also show that the corresponding performance of the SAA and PBR solutions converge to the true optimal solutions. To the best of our knowledge, this is the first paper that analytically proves the asymptotic optimality of the Ban, El Karoui & Lim: Machine Learning & Portfolio Optimization Article submitted to Management Science; manuscript no. MS-13-01062.R2 5 solutions to estimated portfolio optimization problems for general underlying return distributions [see Jobson and Korkie (1980) for asymptotic analysis when the returns are multivariate normal.].
Finally, we make an extensive empirical study of the PBR method against SAA as well as other benchmarks, including L 1 and L 2 regularizations and the equally-weighted portfolio of DeMiguel et al. (2009b) . We use the five, ten and forty-nine industry data sets from French (2015) . To calibrate the constraint right-hand side (rhs) of PBR and standard regularization models, we also develop a new, performance-based extension of the k-fold cross-validation algorithm. The two key differences between our algorithm and standard k-fold cross-validation are that the search boundaries for the PBR constraint rhs need to be set carefully in order to avoid infeasibility and having no effect, and that we validate by computing the Sharpe ratio (the main performance metric for investment in practice) as opposed to the mean squared error. In sum, we find that for the five and ten industry data sets, the PBR method improves upon SAA, in terms of the out-of-sample Sharpe ratio (annualized, with proportional transaction costs) with statistical significance at 5% and 10% respectively for both the mean-variance and mean-CVaR problems. Also for these data sets, PBR dominates standard L 1 and L 2 regularizations, as well as the equally weighted portfolio of DeMiguel et al. (2009b) . The results for the forty-nine industry portfolio data set are inconclusive, with none of the strategies considered being statistically significantly different from the SAA result. We attribute this to the high-dimensionality effect [see Ledoit and Wolf (2004) and El Karoui (2010) ], and leave studies of mitigating for the dimensionality to future work [Ban and Chen (2016) ].
Survey of literature
As mentioned in the beginning, Tikhonov (1963), Ivanov (1962) and Phillips (1962) first introduced the notion of regularization for ill-posed linear operator problems. For details on the historical development and use of regularization in statistical problems, Vapnik (2000) is a classic text; for a more recent illustrations of the technique we refer the reader to Hastie et al. (2009) . The more conventional regularization models have been investigated for the Markowitz problem by Chopra (1993) , Frost and Savarino (1988a) , Jagannathan and Ma (2003) , DeMiguel et al. (2009a) , and for the mean-CVaR problem by Gotoh and Takeda (2010) . Specifically, Chopra (1993) , Frost and Savarino (1988a) and Jagannathan and Ma (2003) consider imposing a no shortsale constraint on the portfolio weights (i.e., require portfolio weights to be non-negative a particular A-norm of the vector of portfolio weights. The first corresponds to adding a bias to the SAA solution and the second corresponds to shrinking the sample covariance matrix in a specific way. Analogously, Gotoh and Takeda (2010) considers L 1 and L 2 norms for the data-driven mean-CVaR problem; our work also extends this literature. In Sec. 5, we show that PBR out-performs the standard regularization techniques in terms of the out-of-sample Sharpe ratio.
The PBR models add a new perspective on recent developments in robust portfolio optimization that construct uncertainty sets from data [Delage and Ye (2010) , Goldfarb and Iyengar (2003) ].
While the PBR constraint on the portfolio mean is equivalent to the mean uncertainty constraint considered in Delage and Ye (2010) , the PBR constraint on the portfolio variance for the meanvariance problem leads to a new uncertainty set which is different from Delage and Ye (2010) . The main difference is that Delage and Ye (2010) considers an uncertainty set for the sample covariance matrix separately from the decision, whereas PBR considers protecting against estimation errors in the portfolio variance, thereby considering both the decision and the covariance matrix together.
The difference is detailed in Appendix B. Goldfarb and Iyengar (2003) also takes the approach of directly modelling the uncertainty set of the covariance matrix, although it is different from Delage and Ye (2010) and also from our work because it starts from a factor model of asset returns and assumes that the returns are multivariate noramally distributed, whereas both Delage and Ye (2010) and our work are based on a nonparametric, distribution-free setting.
Finally, Gotoh et al. (2015) shows that a large class of distributionally robust empirical optimization problems with uncertainty sets defined in terms of φ-divergence are asymptotically equivalent to PBR problems. We note however that the class of models studied in Gotoh et al. (2015) does not include CVaR.
Notations. Throughout the paper, we denote convergence in probability by P →.
Motivation: Fragility of SAA in Portfolio Optimization
In this paper, we consider two risk functions: the variance of the portfolio, and the Conditional Value-at-Risk. In the former case, the problem is the classical Markowitz model of portfolio optimization, which is
where µ and Σ are respectively the mean and the covariance matrix of X, the relative stock return, and where the target return constraint (w µ = R) may or may not be imposed.
Given data X = [X 1 , X 2 , . . . , X n ], the SAA approach to the problem iŝ whereμ n andΣ n are respectively the sample mean and the sample covariance matrix of X.
In the latter case, we have a mean-Conditional Value-at-Risk (CVaR) portfolio optimization model. Specifically, the investor wants to pick a portfolio that minimizes the CVaR of the portfolio loss at level 100(1 − β)%, for some β ∈ (0.5, 1), while reaching an expected return R:
as in Rockafellar and Uryasev (2000) .
The SAA approach to the problem is to solvê
is the sample average estimator for CV aR(−w X; β).
Asymptotically, as the number of observations n goes to infinity, we can show that the SAA solutionsŵ n,M V andŵ n,CV converge in probability to w M V and w CV respectively [see Sec. 4 for details]. In practice, however, the investor has a limited number of relevant (i.e., stationary) observations [Jegadeesh and Titman (1993) , Lo and MacKinlay (1990) , DeMiguel et al. (2014) ]. Solving (MV-SAA) and (CV-SAA) with finite amount of stationary data can yield highly unreliable solutions [Lim et al. (2011) ]. Let us illustrate this point by a simulation experiment for (CV-SAA).
There are p = 10 stocks, with daily returns following a Gaussian distribution 3 : X ∼ N (µ sim , Σ sim ), and the investor has n = 250 iid observations of X. The experimental procedure is as follows:
• Simulate 250 historical observations from N (µ sim , Σ sim ).
• Solve (CV-SAA) with β = 0.95 and some return level R to find an instance ofŵ n,CV .
• Plot the realized returnŵ n,CV µ sim versus realized risk CV aR(−ŵ n,CV X; β); this corresponds to one grey point in Fig. (1) .
• Repeat for different values of R to obtain a sample efficient frontier.
• Repeat many times to get a distribution of the sample efficient frontier. The result of the experiment is summarized in Fig. (1) . The smooth curve corresponds to the population efficient frontier. Each of the grey dots corresponds to a solution instance of (CV-SAA).
There are two noteworthy observations: the solutionsŵ n,CV are sub-optimal, and they are highly variable. For instance, for a daily return of 0.1%, the CVaR ranges from 1.3% to 4%. 
Performance-based regularization
We now introduce performance-based regularization (PBR) to improve upon (SAA). The PBR model is:ŵ n,P BR = argmin
where SV ar(·) is the sample variance operator and U 1 and U 2 are parameters that control the degree of regularization.
The motivation behind the model (PBR) is intuitive and straight-forward: for a fixed portfolio w, the point estimate Risk n (w X) of the objective has a confidence interval around it, which is approximately equal to the sample standard deviation of the estimator Risk n (w X). As w varies, the error associated with the point estimate varies, as the confidence interval is a function of w.
The PBR constraint SV ar( Risk n (w X)) ≤ U 1 dictates that any solution w that is associated with a large estimation error of the objective function be removed from consideration, which is sensible since such a decision would be highly unreliable. A similar interpretation can be made for the second PBR constraint SV ar(w μ n ) ≤ U 2 . A schematic of the PBR model is shown in Fig. 2 . Another intuition for PBR is obtained via Chebyshev's inequality. Chebyshev's inequality tells us that, for all δ > 0, for some random variable Y ,
Thus letting Y equal Risk n (w X) or w μ n , we see that constraining their sample variances has the effect of constraining the probability that the estimated portfolio risk and return deviate from the true portfolio risk and return by more than a certain amount. In other words, the PBR constraints squeeze the SAA problem (SAA) closer to the true problem (PO) with some probability.
PBR for Mean-Variance Portfolio Optimization
The PBR model for the mean-variance problem is:
(mv-PBR)
Note that we do not regularize the mean constraint as the sample variance of w μ n is precisely w Σ n w, which is already captured by the objective.
The following proposition characterizes the sample variance of the sample variance of the portfolio, SV ar(w Σ n w):
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Proposition 1. The sample variance of the sample variance of the portfolio, SV ar(w Σ n w) is given by:
whereμ 4,ijkl is the sample average estimator for µ 4,ijkl , the fourth central moment of the elements of X given by
andσ 2 ij is the sample average estimator for σ 2 ij , the covariance of the elements of X given by
Proof. See Appendix A.1.
The PBR constraint of (mv-PBR) is thus a quartic polynomial in the decision vector w. Determining whether a general quartic function is convex is an NP-hard problem [Ahmadi et al. (2013) ], hence it is not clear at the outset whether SV ar(w Σ n w) is a convex function in w, and thus (mv-PBR) a convex problem. We thus consider two convex approximations of (mv-PBR).
3.1.1. Rank-1 approximation of (mv-PBR) Here we make a rank-1 approximation of the quartic polynomial constraint:
by matching up the diagonals, i.e.,α is given bŷ
We thus obtain the following convex approximation of (mv-PBR):
whereα is given in (4).
We can state the effect of PBR constraint as in (mv-PBR-1) on the SAA solution explicitly as follows. 
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Proposition 2. The solution to (mv-PBR-1) with the mean constraint w μ n = R is given bŷ
whereŵ n,M V is the SAA solution, λ * is the optimal Lagrange multiplier for the PBR constraint
The solution to (mv-PBR-1) without the mean constraint is given bŷ
Remark. The effect of rank-1 approximation PBR on the Markowitz problem is thus to tilt the optimal portfolio, by an amount scaled by λ * , towards a direction that depends on the (approximated) fourth moment of the asset returns.
Proof. See Appendix A.2 3.1.2. Best convex quadratic approximation of (mv-PBR) We also consider a convex quadratic approximation of the quartic polynomial constraint:
where A is a positive semidefinite (PSD) matrix. Expanding the left-hand side (lhs), we get
Let us require the elements of A to be as close as possible to the pair-wise terms in Q, i.e.,
A 2 ij ≈Q ijij . Then the best PSD matrix A that approximatesQ in this way is given by solving the following semidefinite program (PSD):
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where || · || F denotes the Frobenius norm, and where Q 2 is a matrix such that its ij-th element equalsQ ijij . We thus obtain the following convex quadratic approximation of (mv-PBR):
(mv-PBR-2)
We can state the effect of PBR constraint as in (mv-PBR-2) on the SAA solution explicitly as follows.
Proposition 3. The solution to (mv-PBR-2) with the mean constraint w μ n = R is given bŷ
whereΣ n (λ * ) =Σ n + λ * A * , λ * is the optimal Lagrange multiplier for the PBR constraint w A * w ≤ √ U and
The solution to (mv-PBR-2) without the mean constraint is given bŷ
whereΣ n (λ * ) =Σ n + λ * A * and λ * is the optimal Lagrange multiplier for the PBR constraint w A * w ≤ √ U , as before.
Proof. See Appendix A.3.
For both mean-constrained and unconstrained cases, notice that the solution depends on λ only through the matrixΣ n (λ * ) =Σ n + λ * A * . We thus retrieve the unregularized SAA solutionŵ n,M V when λ is set to zero. Thus the PSD approximation to (mv-PBR) is equivalent to using a different estimator for the covariance matrix than the sample covariance matrixΣ n . Clearly,Σ n (λ * ) adds a bias to the sample covariance matrix estimator. It is well-known that adding some bias to a standard estimator can be beneficial, and such estimators are known as shrinkage estimators. Haff (1980) and Ledoit and Wolf (2004) have explored this idea for the sample covariance matrix by shrinking the sample covariance matrix towards the identity matrix, and have shown superior properties of the shrunken estimator. In contrast, our PBR model shrinks the sample covariance matrix towards a direction that is approximately equal to the variance of the sample covariance matrix. Conversely, DeMiguel et al. (2009a) showed that using the shrinkage estimator for the covariance matrix as in Ledoit and Wolf (2004) is equivalent to L 2 regularization; and in Sec. 5 we compare the two methods. 
PBR for Mean-CVaR Portfolio Optimization
The PBR model for the mean-CVaR problem is:
The variance of w μ n is given by
The variance of CV aR n (−w X; β) is given by the following proposition.
the Value-at-Risk (VaR) of the portfolio w at level β.
Proof. See Appendix A.4.
Thus, the sample variance of CV aR n (−w X; β) is, to first order,
where Ω n = 1 n−1 [I n − n −1 1 n 1 n ], I n being the n × n identity matrix, and z i = max(0, −w X i − α) for i = 1, . . . , n.
Incorporating the above formulas for the sample variances, (cv-PBR) can be written as:
(cv-PBR ) is non-convex due to the cutoff variables z i = max(0, −w X i − α), i = 1, . . . , n. Without the regularization constraint [n(1 − β) 2 ] −1 z Ω n z ≤ U 1 , one can solve the problem by relaxing the non-convex constraint z i = max(0, −w X i − α) to z i ≥ 0 and z i ≥ −w X i − α. However, z Ω n z is not a monotone function of z hence it is not clear at the outset whether one can employ such a relaxation trick for the regularized problem.
(cv-PBR ) is a combinatorial optimization problem because one can solve it by considering all possible combinations of n(1 − β) out of n observations that contribute to the worst (1 − β) of the portfolio loss (which determines the non-zero elements of z), then finding the portfolio weights that solve the problem based on these observations alone. Clearly, this is an impractical strategy; for example, there are 34220 possible combinations to consider for a modest number of observations n = 60 (5 years of monthly data) and β = 0.95.
However, it turns out that relaxing z i = max(0, −w X i − α), i = 1, . . . , n does result in a tight convex relaxation. The resulting problem is a quadratically-constrained quadratic program (QCQP) which can be solved efficiently. Before formally stating this result, let us first introduce the convex relaxation of (cv-PBR ):
and its dual (where the dual variables correspond to the primal constraints as indicated above):
and Ω † n is the Moore-Penrose pseudo inverse of the singular matrix Ω n . We now state the result that (cv-PBR ) is a tractable optimization problem because its convex relaxation is essentially tight.
be the primal-dual optimal point of (cv-PBR ) and (cvrelax-d). If η * 2 = 1 n /n, then (α * , w * , z * ) is an optimal point of (cv-PBR ). Otherwise, if η * 2 = 1 n /n, we can find the optimal solution to (cv-PBR ) by solving (cv-relax-d) with an additional constraint
Remark. Theorem 1 shows that one can solve (cv-PBR ) via at most two steps. The first step is to solve (cv-PBR ); if the dual variables corresponding to the constraints z i ≥ −w X i − α, i = 1, . . . , n are all equal to 1/n, then we solve (cv-relax-d) with an additional constraint η 2 1 n ≥ δ, where δ is any constant 0 < δ 1, otherwise the relaxed solution is feasible for the original problem hence optimal. For the record, all problem instances solved in the numerical section Sec. 5 were solved in a single step.
Robust Counterparts of PBR models
In this section, we show that the three PBR portfolio optimization models can be transformed into robust optimization (RO) problems.
Proposition 5. The convex approximations to the Markowitz PBR problem (mv-PBR) has the following robust counterpart representation:
where U is the ellipsoid
with P = αα for (mv-PBR-1) and P = A * for (mv-PBR-2), and P † denoting the Moore-Penrose pseudoinverse of the matrix P (which equals the inverse if P is invertible, which is the case for P = A * ).
Proof. See Appendix A.6.
Proposition 6. The the mean-CVaR PBR problem (cv-PBR) has the following robust counterpart representation:
where U 1 is the ellipsoid
and U 2 is the ellipsoid
where Ω † n is the Moore-Penrose pseudoinverse of the matrix Ω n .
Proof. One can follow similar steps to the proof of Proposition 5.
The difference is detailed in Appendix B.
Asymptotic Optimality of SAA and PBR solutions
In this section, we show that the SAA solutionŵ n and the PBR solutions are asymptotically optimal under the mild condition that the true solution be well-separated (i.e., identifiable). In other words, we show that the SAA solution converges in probability to the true optimal w 0 as the number of observations n tends to infinity. We then show that the performances of the estimated solutions also converge to that of the true optimal, i.e., the return-risk frontiers corresponding tô w n andŵ n,P BR converge to the efficient frontier of w 0 .
For ease of exposition and analysis, we will work with the following transformation of the original problem:
for the mean-variance problem (MV-true), and We now prove asymptotic optimality of the SAA solution to the mean-variance and mean-CVaR problems.
Theorem 2 (Asymptotic Optimality of SAA solution of mean-variance problem).
Consider (PO ) with m θ (·) as in (9). Denote the solution by θ M V . Suppose, for all > 0,
Then, as n tends to infinity,θ
Theorem 3 (Asymptotic Optimality of SAA solution of mean-CVaR problem).
Consider (PO ) with m θ (·) as in (10). Denote the solution by θ CV . Suppose, for all > 0,
Then, as n tends to infinity,θ n,CV P → θ CV , whereθ n,CV is the solution to the SAA problem
Sketch of the proofs of Theorems 2 and 3. Theorems 2 and 3 are statements about the asymptotic consistency of estimated quantitiesθ n,M V andθ n,CV to their true respective quantities θ M V and θ CV . While proving (statistical) convergence of sample average-type estimators for independent samples is straight-forward, proving convergence of solutions of estimated optimization problems is more involved.
In mathematical statistics, the question of whether solutions of estimated optimization problems converge arises in the context of maximum likelihood estimation, whose study goes back as far as seminal works of Fisher (1922) and Fisher (1925) . Huber initiated a systematic study of Article submitted to Management Science; manuscript no. MS-13-01062.R2 M-estimators (where "M" stands for maximization; i.e., estimators that arise as solutions to maximization problems) with Huber (1967) , which subsequently led to asymptotic results that apply to more general settings (e.g., non-differentiable objective functions) that rely on the theory of empirical processes. Van der Vaart (2000) gives a clean, unified treatment of the main results in the theory of M-estimation, and we align our proof to the setup laid out in this book.
In particular, Van der Vaart (2000) gives general conditions under which the solution of a static optimization problem estimated from data converges to the true value as the sample size grows.
In words, the conditions correspond to the near-optimality of the estimator (for the estimated problem), that the true parameter value be well-defined, and that the estimated objective function converge uniformly to the true objective function over the domain. The first condition is satisfied because we assumeθ n,M V andθ n,CV are optimal for the estimated problem. The second condition is an identifiability condition, which we assume holds for our problems via (*) and (**). This is a mild criterion that is necessary for statistical inference; e.g., it suffices that θ M V (resp. θ CV ) be unique, Θ compact and M (·) continuous.
The third and final condition is the uniform convergence of the estimated objective function M n (·) to its true value M (·). This is not a straight-forward result, especially if the objective function is not differentiable, which is the case for the mean-CVaR problem. Showing uniform convergence for such functions requires intricate arguments that involve bracketing numbers (see Chapter 19 of Van der Vaart (2000) ). The proofs of Theorems 2 and 3 can be found in Appendix C.
Asymptotic optimality of PBR solutions
Let us now consider the PBR portfolio optimization problem. With similar global transformation as above, the PBR problem becomeŝ θ n,P BR = argmin
where α is as in (4), for the mean-variance problem (mv-PBR-1),
where A * is as in (Q approx), for the mean-variance problem (mv-PBR-2), and
for the mean-CVaR problem (cv-PBR). Note λ 1 , λ 2 ≥ 0 are parameters that control the degree of regularization; they play the same role as U 1 and U 2 in the original problem formulation.
We now prove asymptotic optimality of the PBR solutions. 
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Theorem 4. Assume (*) and (**). Then, as n tends to infinity, θ n,P BR (λ 1 , λ 2 ) P → θ 0 , whereθ n,P BR (λ 1 , λ 2 ) are minimizers of M n (θ, λ 1 , λ 2 ) equal to (11), (12) and (13), and θ 0 is the corresponding true solution.
The following result is an immediate consequence of Theorem 4, by the Continuous Mapping
Theorem.
Corollary 1 (Convergence of performance of PBR solutions). Assume the same setting as Theorem 4. Then the performance of the PBR solution also converges to the true performance of the true optimal solution, i.e.,
as n tends to infinity, whereŵ n,P BR is the portfolio allocation corresponding toθ n,P BR .
Results on Empirical Data
In this section, we compare the PBR method against a number of key benchmarks on three data sets: the five, ten and forty-nine industry portfolios from Ken French's Website, which report monthly excess returns over the 90-day nominal US T-bill. We take the most recent 20 years of data, covering the period from January 1994 to December 2013. Our computations are done on a rolling horizon basis, with the first 10 years of observations used as training data (N train = 120) and the last 10 years of observations used as test data (N test = 120). All computations were carried out on MATLAB2013a with the solver MOSEK and CVX, a package for specifying and solving convex programs Boyd (2014, 2008 ) on a Dell Precision T7600 workstation with two Intel Xeon E5-2643 processors, each of which has 4 cores, and 32.0 GB of RAM.
Portfolio strategies considered for the mean-variance problem
We compute the out-of-sample performances of the following eight portfolio allocation strategies:
1. SAA: solving the sample average approximation problem (MV-SAA).
2. PBR (rank-1): solving the rank-1 approximation problem (mv-PBR-1). where U is also calibrated using OOS-PBCV.
7. Min. Variance: Solving the above (SAA, PBR (rank-1), PBR (PSD), NS, L1, L2) for the global minimum variance problem, which is (MV-true) without the mean return constraint. We do this because the difficulty in estimating the mean return is a well-known problem [Merton (1980) ] and some recent works in the Markowitz literature have shown that removing the mean constraint altogether can yield better results [Jagannathan and Ma (2003) ].
8. Equally-weighted portfolio: DeMiguel et al. (2009b) has shown that the naive strategy of equally dividing up the total wealth (i.e., investing in a portfolio w with w i = 1/p for i = 1, . . . , p)
performs very well relative to a number of benchmarks for the data-driven mean-variance problem.
We include this as a benchmark.
Portfolio strategies considered for the mean-CVaR problem
1. SAA: solving the sample average approximation problem (CV-SAA). performs very well relative to a number of benchmarks for the data-driven mean-variance problem.
We include this as a benchmark. (CV-SAA) without the target mean return constraint w μ n = R. We do this because the difficulty in estimating the mean return is a well-known problem [Merton (1980) ] and some recent works in the Markowitz literature has shown that removing the mean constraint altogether can yield better results [Jagannathan and Ma (2003) ]. Thus as an analogy to the global minimum variance problem we consider the global minimum CVaR problem.
Evaluation Methodology
We evaluate the various portfolio allocation models on a rolling-horizon basis. In other words, we evaluate the portfolio weights on the first N train asset return observations (the "training data") then compute its return on the (N train + 1)-th observation. We then roll the window by one period, evaluate the portfolio weights on the 2nd to N train + 1-th return observations, then compute its return on the N train + 2-th observation, and so on, until we have rolled forward N test number of times. Let us generically call the optimal portfolio weights solved over N test number of timeŝ w 1 , . . . ,ŵ N test ∈ R p and the asset returns X 1 , . . . , X N test ∈ R p . Also definê
i.e., the out-of-sample mean and variance of the portfolio returns. We can include a proportional transaction cost of c to the out-of-sample portfolio returns as follows:
where W t is the wealth at period t net of transaction cost given by
whereŵ t,j is the portfolio weight in asset j at time t,ŵ t + ,j is the portfolio weight before rebalancing at t + 1 andŵ t+1,j is the desired portfolio weight at time t + 1 after rebalancing. Hence the out-ofsample portfolio mean return and variance with proportional transaction costs are given bŷ
i.e., the out-of-sample mean and variances of the portfolio returns.
We report the following performance metrics: 
• Turnover: the portfolio turn over, averaged over the testing period, is given by
For further details on these performance measures we refer the reader to DeMiguel et al. (2009b) . A schematic explaining the out-of-sample performance-based k-cross validation (OOS-PBCV) algorithm used to calibrate the constraint rhs, U , for the case k = 3. The training data set is split into k bins, and the optimal U for the entire training data set is found by averaging the best U found for each subset of the training data.
Calibration algorithm for U : performance-based k-fold cross-validation
One important question in solving (PBR) is how to choose the right hand side of the regularization constraints, U 1 and U 2 . If they are set too small, the problem is infeasible, and if set too large, regularization has no effect and we retrieve the SAA solution. Ideally, we want to choose U 1 and U 2 so that it constrains the SAA problem just enough to maximize the out-of-sample performance.
Obviously, one cannot use the actual test data set to calibrate U 1 and U 2 , and we need to calibrate them on the training data set via a cross-validation (CV) method.
A common CV technique used in statistics is the k-fold CV. It works by splitting the training data set into k equally-sized bins, training the statistical model on every possible combination of k − 1 bins and then validating on the remaining bin. Any parameter that needs to be tuned is tuned via the prediction accuracy on the validation data set. 
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Here we develop a performance-based k-fold CV method to find U 1 and U 2 that maximize the outof-sample Sharpe ratio on the validation data set. The two key differences between our algorithm and the standard k-fold CV is that (i) the search boundaries for U 1 and U 2 need to be set carefully in order to avoid infeasibility and having no effect, and (ii) we validate by computing the Sharpe ratio (the main performance metric for investment in practice) as opposed to some measure of error.
For simplicity, we explain the algorithm for the case of having just one regularization constraint on the objective. We thus omit the subscript and refer to the rhs by U instead of U 1 . Generalization to the two-dimensional case is straight-forward. Figure 3 displays a schematic explaining the main parts of the algorithm, for the case k = 3. Let D = [X 1 , . . . , X N train ] ∈ R p×N train be the training data set of stock returns. This is split into k equally sized bins, D 1 , D 2 , . . . , D k . Let P −i (U −i ) denote the PBR problem solved on the data set D\D i with rhs U = U −i . We find the optimal U , denoted by U * , on the whole data set D by the following steps: 3. Average over the k results to get U * = 1 k k i=1 U * −i . We elaborate on these three parts of the CV algorithm below.
Set a search boundary for U
−i , [U −i ,Ū −i ]. 2. Solve P −i (U −i ) on D\D i starting at U −i =Ū −i ,
As previously mentioned, setting the correct search boundary for U −i is very important. We require the boundary for the i-th subproblem to be contained within the allowable range for the problem on the entire data set, i.e., [
This is because if we solve the PBR problem on the whole training data set with U >Ū then PBR will not have any effect, and likewise if we solve the PBR problem with U < U , then the problem will be infeasible.
The upper bound on U is given byŪ = Risk n (−ŵ n X), recalling thatŵ n is the SAA solution.
In other words, the upper bound is set to be the value of the PBR penalty if the penalty were not imposed. To find U , the minimum possible PBR parameter, we solve
for (mv-PBR-1), z Ω n z s.t. w μ n = R w 1 p = 1 z i ≥ −w X i − α, i = 1, . . . , n. z i ≥ 0, i = 1, . . . , n.
(U-min-cv)
for (cv-PBR).
To find the upper bound on the subproblem,Ū −i , we compute (SAA) on dataset D\D i forŵ −i , then setŪ
To find U −i , we first solve
for (mv-PBR-2), and
where Ω −i is the sample variance operator computed on D\D i , and C and C i are sets of labels of the elements in D and D i respectively. We then set
The pseudocode for this part of the CV algorithm is shown in Algorithm 1.
Finding
To find the optimal parameter for the i-th subproblem that maximizes the out-of-sample Sharpe ratio, we employ a backtracking line search algorithm [see Chapter 9.2. of Boyd and Vandenberghe (2004) ], which is a simple yet effective descent algorithm. We start at the maximumŪ −i determined in the previous step and descend by step size t∆U := t(Ū −i − U −i )/Div, where Div a preset granularity parameter, t is a parameter that equals 1 initially then is backtracked at rate β, a parameter chosen between 0 and 1, until the stopping criterion 
whereŵ * (U ) is the optimal PBR solution when the rhs is set to U . The first quantity, ∇ŵ * Sharpe(ŵ * (U )), can be computed explicitly, as we know the formula for the Sharpe ratio as a function of w. Suppressing the dependency of w on U , we have:
The second quantity dw * (U )/dU is the marginal change in the optimal solutionŵ * as the rhs U changes. We approximate this by solving (PBR) with (1 − bit)U , where 0 < bit 1 is a predetermined parameter, then computing
whereŵ * ((1 − bit)U ) is the new optimal allocation when the PBR constraint rhs is set to (1 − bit)U .
The pseudocode for this part of the CV algorithm is shown in Algorithm 2.
In our computations, we used the parameters α = 0.4, β = 0.9, Div = 5, bit = 0.05 and considered k = 2 and k = 3 bins. It took on average approximately 2 seconds to solve one problem instance for all problem sizes and bin numbers considered in this paper.
Discussion of Results: mean-variance problem
Out-of-sample Sharpe ratio Table 1 reports the out-of-sample Sharpe ratios of the eight strategies listed in Sec. 5.1. For p = 5, the rank-1 approximation PBR performs the best, with a Sharpe ratio of 1.3551, followed by best convex quadratic approximation PBR (1.2052), then SAA (1.1573). For this data set, standard regularizations (L 1 , L 2 and no short-selling) and the equally-weighted portfolio all perform below these strategies. Similarly, for p = 10, the rank-1 approximation PBR performs the best, with a Sharpe ratio of 1.2112, followed by best convex quadratic approximation PBR (1.1696), then SAA (1.1357); the other strategies again relatively under perform.
The p = 41 data set yields results that are quite different from those of p = 5 and p = 10, evidencing that dimensionality (i.e., the number of assets) is a significant factor in its own right (this has been observed in other studies, e.g., Jagannathan and Ma (2003) and El Karoui (2010) , Karoui (2013) .). While we could rank the strategies by their average out-of-sample performances, 
train denote the training data minus the b-th bin they are statistically indistinguishable at the 5% level from the SAA method (all p-values are quite large, the smallest being 0.3178). Hence we cannot make any meaningful conclusions for this data set, and we leave the study of regularizing for dimensionality to future work.
From the perspective of an investor looking at the results of Table 2 , the take-away is clear:
focus on a small number of assets (the Fama-French 5 Industry portfolio) and optimize using the PBR method on both the objective and mean constraints to achieve the highest Sharpe ratio. Table 3 reports the out-of-sample Sharpe ratios of the eight strategies listed in Sec. 5.1. For obvious reasons, the equally-weighted portfolio achieves the smallest portfolio turnover. For all three data sets, we find that the two PBR approximations generally have greater portfolio turnovers than SAA, whereas the standard regularization methods (L 1 , L 2 and no shortselling) have lower turnovers than SAA. This is reflective of the fact that standard regularization is by design a solution stabilizer, whereas PBR is not. Ban, El Karoui & Lim: Machine Learning & Portfolio Optimization Article submitted to Management Science; manuscript no. MS-13-01062.R2
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Out-of-Sample Performance-Based Steepest Descent (OOS-PBSD)
Initialize
Choose backtracking parameters α ∈ (0, 0.5), β ∈ (0, 1)
Choose stepsize Div
Choose perturbation size bit ∈ (0, 0.5)
Return U * −b = U − t∆U. Algorithm 2: A pseudo code for the out-of-sample performance-based steepest descent algorithm (OOS-PBSD), which is a subroutine of (OOS-PBCV).
Discussion of Results: mean-CVaR problem
Out-of-sample Sharpe ratio Table 2 reports the out-of-sample Sharpe ratios of the eight strategies listed in Sec. 5.2. For p = 5 and p = 10 data sets, we find that PBR on both the objective and the constraint dominate the SAA solution. For example, the best Sharpe ratio for p = 5 for the SAA method is achieved by setting a return target of R = 0.08, yielding a Sharpe ratio of 1.2487, whereas the best PBR result for the same data set and target return has a Sharpe ratio of 1.2715, the difference of which is statistically significant at the 5% level (the exact p-value is 0.0453). Likewise, for p = 10, the best SAA Sharpe ratio of 1.0346 is dominated by the best PBR Sharpe ratio of 1.1506. This difference is statistically significant at the 10% level (the exact p-value is 0.0607). Also for p = 5 and p = 10 data sets, the PBR method consistently dominates both L 1 and L 2 regularizations across all problem target returns and choice of the number of bins used for cross validation. In addition, both the equally-weighted portfolio and the global minimum CVaR portfolios underperform SAA, hence also PBR on these data sets.
The p = 41 data set yields results that are quite different from those of p = 5 and p = 10, signaling that dimensionality is an important parameter in its own right. First of all, the highest Sharpe ratio of all strategies across all target return levels and choice of bins is achieved by the equally-weighted portfolio, with 0.6297. Secondly, all regularizations -PBR, L 1 and L 2 -yield results that are statistically indistinguishable from the SAA method (all p-values are quite large, the smallest being 0.6249). Hence we cannot make any meaningful conclusions for this data set, and we leave the study of regularizing for dimensionality to future work.
Lastly, let us comment on the effects of PBR on the objective and the mean estimations separately. The question that comes to mind is whether one constraint dominates the other; i.e., whether PBR on the objective only consistently dominates PBR on the mean, or vice versa. The answer is a yes, but the exact relationship depends on the data set: for p = 5 and p = 10, the Sharpe ratios of PBR on CVaR is better than that of PBR on the mean for each target return (and taking the best of the two bin results), whereas for p = 41, the opposite is true. This pattern seems to indicate that for a smaller number of assets, CVaR estimation is more of an issue whereas mean estimation is more problematic for a larger number of assets. Table 3 reports the out-of-sample Sharpe ratios of the eight strategies listed in Sec. 5.2. For obvious reasons, the equally-weighted portfolio achieves the smallest portfolio turnover. For the p = 5 data set, the PBR method is consistently lower than SAA, L 1 and L 2 regularization methods for each target return level and across the two bins sizes considered. The opposite is true for p = 10 or p = 41 however, with PBR having consistently higher turnovers than SAA, L 1 and L 2 regularization methods for each target return level and across the two bins sizes considered. Global minimum variance portfolios have turnovers greater than the equally-weighted portfolio but generally less than the SAA method.
Portfolio turnover
Conclusion
We introduced performance-based regularization and performance-based cross-validation for the portfolio optimization problem and investigated them in detail. The PBR models constrain sample variances of estimated quantities in the problem, namely the portfolio risk and return. The PBR models are shown to have equivalent robust counterparts, with new, non-trivial robust constraints for the portfolio risk. We have shown that PBR with performance-based cross-validation is highly effective at improving the finite-sample performance of the data-driven portfolio decision compared to SAA as well as other benchmarks known benchmarks in the literature. We conclude that PBR is The out-of-sample Sharpe ratios (annualized, with proportional transaction costs) for the strategies considered for the mean-variance problem, for three data sets. Detailed results are in Table   1 . Figure 5 The out-of-sample Sharpe ratios (annualized, with proportional transaction costs) for the strategies considered for the mean-CVaR problem, for three data sets. Detailed results are in Table 2. a promising modeling paradigm for handling uncertainty, and worthy of further study to generalize to other decision problems. Ban, El Karoui & Lim: Machine Learning & Portfolio Optimization 
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Article submitted to Management Science; manuscript no. MS-13-01062.R2 Table 1 Sharpe Ratios (with transaction costs) for empirical data for the mean-variance problem. This table reports the annualized out-of-sample Sharpe ratios (with proportional transaction cost of 50 basis points per transaction) of solutions to the mean-variance problem solved with the methods described in Sec. 5.1 for three different data sets for target returns R = 0.04, 0.06, 0.08. For each data set, the highest Sharpe ratio attained by each strategy is highlighted in boldface. To set the degree of regularization, we use the performance-based k-fold cross validation algorithm detailed in Sec. 5.4, with k = 2 and 3 bins. In parentheses we report the p-values of tests of differences from the SAA method. We also report the Sharpe ratio of the equally-weighted portfolio. This table reports the annualized out-of-sample Sharpe ratios (with proportional transaction cost of 50 basis points per transaction) of the solutions to the mean-CVaR problem solved with SAA, PBR with regularization of the objective ("CVaR only"), the constraint ("mean only") and both the objective and the constraint ("both"), L1 and L2 regularization constraints for three different data sets and for target returns R = 0.04, 0.06, 0.08. For each data set, the highest Sharpe ratio attained by each strategy is highlighted in boldface. To set the degree of regularization, we use the performance-based k-fold cross validation algorithm detailed in Sec. 5.4, with k = 2 and 3 bins. In parentheses we report the p-values of tests of differences from the SAA method. We also report the Sharpe ratio of the equallyweighted portfolio and the solution to the global minimum CVaR problem (no mean constraint).
A.2. Proof of Proposition 2
Let us start with (mv-PBR-1) with the mean constraint. The Lagrangian is:
The first order condition (FOC) gives: The Lagrangian dual function is:
At optimality, g is maximized over (ν 1 , ν 2 , λ) ∈ R p × R p × R + . We will maximize g over (ν 1 , ν 2 ) first.
The first order conditions give:
Solving simultaneously, we have
where ν 0 1 , ν 0 2 are optimal dual variables for the original mean-variance problem. Hence, the optimal portfolio becomesŵ
whereŵ n,M V is the optimal portfolio of the SAA mean-variance problem without PBR.
For the problem without the mean constraint, we follow similar steps. The Lagrangian is:
The FOC gives:
The Lagrangian dual function is: 
where ν 0 is the optimal dual variables for the SAA mean-variance problem without the mean constraint. Hence, the optimal portfolio becomeŝ
A.3. Proof of Proposition 3
Let us start with (mv-PBR-2) with the mean constraint. The Lagrangian is:
The Lagrangian dual function is:
whereΣ =Σ n + λ * A * . Hence, the optimal portfolio becomeŝ
which equalsŵ n,M V when λ * = 0.
For the problem without the mean constraint, we follow similar steps to arrive at the result.
A.4. Proof of Proposition 4
Setting. Let L = [L 1 , . . . , L n ] be n iid observations (of portfolio losses) from a distribution F which is absolutely continuous, has a twice continuously differentiable pdf and a finite second moment.
Let us derive an expression for the variance of CV aR n (L; β) introduced in Eq.
(2) of Sec. 2.1.
First, let us define a closely related estimator:
Definition 1 (Type 1 CVaR estimator). For β ∈ (0.5, 1), we define Type 1 CVaR estimator to be
where ε n is some constant satisfying 0 < ε n < (n − nβ + 1) −1 and ε n = O(n −2 ).
We now show the minimizer in the definition of CV 1 n (L; β) is given by α * = L ( nβ ) .
Lemma 1. The solution α * = L ( nβ ) is the unique minimizer in the one-dimensional optimization problem
Proof. The expression to be minimized is a piecewise linear convex function with nodes at L 1 , . . . , L n . We show that G n (α) has gradients of opposite signs about a single point, L ( nβ ) , hence this point must be the unique optimal solution. Now consider, for m ∈ {− nβ + 1, . . . , n − nβ }: 
Now ∆(0) > 0 since (L ( nβ +1) − L ( nβ ) ) > 0 and (1 − ε n ) > (n − nβ )(n − nβ + 1) −1 by the restriction on ε n , and ∆(−1) < 0 since (L ( nβ ) − L ( nβ −1) ) > 0 and (1 − ε n ) < 1 again by the choice of ε n . Thus G n (α) has a unique minimum at α * = L ( nβ ) . Now consider the following CVaR estimator, expressed without the minimization:
Definition 2 (Type 2 CVaR estimator). For β ∈ (0.5, 1), we define Type 2 CVaR estimator to be
whereα n (β) := L ( nβ ) , the nβ -th order statistic of the sample L 1 , . . . , L n .
The Type 2 CVaR estimator is an intuitive representation of CVaR because it is precisely the sample average of the top (1 − β) portion of the losses. Another advantage of the Type 2 CVaR estimator is that one can write down an explicit expression for its variance. For the rest of this subsection, our goal is to show that the Type 2 CVaR estimator is approximately equal to the Type 1 CVaR estimator, which is in turn approximately equal to the actual CVaR estimator we use in mean-CVaR portfolio optimization. The proof of Proposition 4 then follows.
Lemma 2. Type 1 and Type 2 CVaR estimators are related by CV 2 n (L; β) = CV 1 n (L; β) + ε n L ( nβ ) .
Proof. Rewriting Type 2 CVaR estimator:
where the final equality is due to Lemma 1.
We now prove Proposition 4.
Let α 1 n and α n be the minimizers in the definition of CV 1 n (L; β) and CV aR n (L; β) respectively. We can show, by elementary arguments, | CV aR n (L; β) − CV 1 n (L; β)| ≤ ε n (α 1 n ∨ α n ).
which implies λ * > 0 since λ * cannot equal zero. Now suppose S 1 (z * ) and V (z * ) are both nonempty. Combining (24) and (25), we arrive at the necessary condition 2λ * n − 1 z * j 0 = −η * 1,i 0 − η * 2,i 0 . which is clearly a contradiction since lhs > 0 whereas rhs ≤ 0. Hence S 1 (z * ) and V (z * ) cannot both be nonempty, and the result follows.
We now prove Theorem 1.
Clearly, (cv-relax) is a relaxation of (cv-PBR ): the components of the variable z in (cv-relax) are relaxations of max(0, −w X i − α). Thus the two problem formulations are equivalent if at optimum, z i = max(0, −w X i − α) ∀ i = 1, . . . , n for (cv-relax).
Let (α * , w * , z * , ν * 1 , ν * 2 , η * 1 , η * 2 , λ * 1 , λ * 2 ) be the primal-dual optimal point for (cv-relax) and (cv-relaxd). Our aim is to show that V (z * ), the set of indices for which z * i > max(0, −w X i − α), is empty. Suppose the contrary. Then by Proposition 7, S 1 (z * ), the set of indices for which z * i = 0, is empty. This means z * i > 0 ∀ i and η * 1,i = 0 ∀ i by complementary slackness. Now consider the sub-problem for a fixed η 2 in the dual problem (cv-relax-d):
As 1 n is orthogonal to Ω † n , and Ω † n is positive semidefinite, the optimal solution is of the form η 1 = a1 n − η 2 , where a is any constant such that a ≥ max i (η 2,i ), with a corresponding optimal objective 0. Hence, bearing in mind the constraints η 2 ≥ 0 and η 2 1 n = 1 in (cv-relax-d), η 1 = 0 is one of the optimal solutions iff η * 2 = 1 n /n. Thus if η * 2 = 1 n /n, we get a contradiction. Otherwise, we can force the dual problem to find a solution with η 1 = 0 by introducing an additional constraint η 1 1 n ≥ δ for some constant 0 < δ < 1 in the dual problem (cv-relax-d).
A.6. Proof of Proposition 5
The lhs of the RO constraint in (mv-PBR-RO) is equivalent to the convex optimization problem and substituting P = αα for (mv-PBR-1) and P = A * for (mv-PBR-2) we obtain the PBR constraints. 
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Appendix B: PBR is different from known robust optimization models
In this section, we show that the PBR constraints on the portfolio risk are not equivalent to known robust optimization constraints such as those found in Delage and Ye (2010) . We will show that no constants (U, γ) and U can make the two sets equivalent. For ease of exposition, let us consider the single asset (p = 1) case. Clearly, the wealth sum constraint implies w = 1 in this case.
The robust constraint of set A(U, γ) is then given by max |σ 2 −σ 2 n |≤γ It is thus clear that no choice of (U, γ) and U would make the two sets equivalent, unless there is a particular relationship between the sample variance and the fourth central moment of the asset return distribution. It is also clear that the main difference between the two sets is that the PBR Article submitted to Management Science; manuscript no. MS-13-01062.R2 set B(U ) involves fourth moments of the asset return distribution, because it penalizes uncertainty in the risk estimation, whereas the standard robust constraint only involves the second moment of the asset return distribution because the robust protection is against the range of the second moment directly, rather than the whole risk function.
Case II: mean-CVaR problem. Consider the set A(U, γ) := w : max ||q−qn||≤γ α + 1 1 − β n i=1 q i (−w i − α) + ≤ U, w 1 p = 1 , whereq i,n = 1/n, the empirical measure, and the norm on the measure q is the total variational distance, and the set B(U ) := w : 1 n(1 − β) 2 z Ω n z ≤ U , w 1 p = 1, z i = (−w i − α) + , i = 1, . . . , n = w : 1 n(n − 1)(1 − β) 2 n i=1 (z i −z n ) ≤ U , w 1 p = 1, z i = (−w i − α) + , i = 1, . . . , n wherez n is the sample mean of z 1 , . . . , z n .
As before, we will show that no constants (U, γ) and U can make the two sets equivalent. By the equivalence of the total variational distance to the 1-norm for a discrete distribution, ||q −q n || = 1 2 n i=1 q i − 1 n , and since the term multiplying q i 's are all non-negative, the optimal q, gives all weight to the largest (−w i − α) + term, i.e., Clearly, no choice of (U, γ) and U can make A(U, γ) equivalent to B(U ).
Appendix C: Proofs of results in Sec. 4
We prove Theorem 3 first then Theorem 2.
Proof of Theorem 3. The theory of M-estimation concerns the following scenario. Consider the parametric function m θ : X →R, where θ is a parameter chosen from Θ, and X is a subset of the Euclidean space. We are interested in finding the parameter θ * that maximizes (for minimization, we can use −m θ instead) the expected value of this function M (θ) = Em θ (X), where X is drawn from the probability space (Ω, F, P ). In the absence of the true distributional knowledge, but in the presence of iid observations X 1 , . . . , X n , one can estimate θ * by minimizing instead the empirical function M n (θ) = n −1 n i=1 m θ (X i ). Of central importance is whether the solution (or, a near-optimal solution) to the empirical problem is consistent, i.e., whether it converges to the true optimal as the number of observations tend to infinity. The following theorem provides sufficient conditions for asymptotic optimality.
Theorem 5 (Theorem 5.7 in Van der Vaart (2000) ). Let M, M n , Θ, θ * be as defined in the paragraph above, and letθ n be a near-optimal maximizer of M n , i.e., M n (θ n ) ≥ M n (θ * ) − o P (1). Note 2 is true if M is continuous and θ * is unique. Also, the theorem does not require that the estimated solutionθ n be unique in any way; it holds for any sequence of estimated solutions.
We thus need to show the uniform convergence of M n (·) to M (·). By Theorem 19.4 of Van der Vaart (2000) , it suffices to show the function class F = {m θ : θ ∈ Θ} has a finite bracketing number N [ ] ( , F, L 1 (P )) for every > 0. Without loss of generality, let us assume Θ = [−K, K] p , where K is a large positive scalar 4 .
One class of functions with a finite bracketing number is the Lipschitz class of functions, which we define below.
Definition 3 (Lipschitz class). Consider a class of measurable functions F = {f θ : θ ∈ Θ}, f θ : X → R, under some probability measure P . We say F is a Lipschitz class about θ 0 ∈ Θ if θ → f θ (x) is differentiable at θ 0 for P-almost every x with derivativeḟ θ 0 (x) and such that, for every θ 1 and θ 2 in a neighborhood of θ 0 , there exists a measurable functionḟ with E[ḟ 2 (X 1 )] < ∞ such that |f θ 1 (x) − f θ 2 (x)| ≤ḟ (x)||θ 1 − θ 2 || 2 .
Example 19.7 of Van der Vaart (2000) shows that if F = {f θ : θ ∈ Θ} is a class of measurable functions with bounded Θ ⊂ R d and F is Lipschitz about θ 0 ∈ Θ then for every 0 < ε < diam(Θ), there exists C such that
